This paper proposes a probabilistic power flow (PPF) method considering continuous and discrete variables (continuous and discrete power flow, CDPF) for power systems. The proposed method-based on the cumulant method (CM) and multiple deterministic power flow (MDPF) calculations-can deal with continuous variables such as wind power generation (WPG) and loads, and discrete variables such as fuel cell generation (FCG). In this paper, continuous variables follow a normal distribution (loads) or a non-normal distribution (WPG), and discrete variables follow a binomial distribution (FCG). Through testing on IEEE 14-bus and IEEE 118-bus power systems, the proposed method (CDPF) has better accuracy compared with the CM, and higher efficiency compared with the Monte Carlo simulation method (MCSM).
Introduction
Probabilistic power flow (PPF) was first proposed by Borkowska in 1974 [1] , and is an effective probabilistic analysis method for the exploration of the influence of stochastic factors on power systems [2] . Stochastic factors such as loads, wind power generations (WPGs), and fuel cell generations (FCGs) exist widely in practical power systems [3] . Deterministic power flow (DPF) calculations cannot comprehensively evaluate the effects on power systems because of various stochastic factors. However, PPF can completely investigate various stochastic factors and obtain probability distributions of power flow responses (bus voltages and branch power flows), such as probability density functions (PDFs) and cumulative density functions (CDFs) [4] . Therefore, calculation results achieved by the PPF method can better reflect the operating characteristics of power systems.
PPF methods mainly include three categories: simulation methods [5] [6] [7] , approximate methods [8] [9] [10] [11] , and analytical methods [12] [13] [14] [15] [16] . Among simulation methods, the Monte Carlo simulation method (MCSM) is an outstanding representation, and it is regarded as a standard to evaluate the accuracy and efficiency of other PPF methods. However, MCSM requires tens of thousands of DPF calculations to converge. This computational burden greatly reduces MCSM's efficiency [17] .
To improve the computational speed of MCSM, a point estimate method (PEM) is proposed, which is a classical approximate method. Nevertheless, probability distributions of power flow responses cannot be attained accurately because large errors of high order moments are unavoidable [18] .
To obtain the probability distributions of power flow responses accurately and reduce errors from PEM, cumulant method (CM) is presented, which is an analytical method. PDFs and CDFs of power flow responses can be obtained by CM accurately and efficiently for PPF problems [19, 20] . Nonetheless, errors based on CM still exist, and mainly consist of two classes: (1) linearization errors-when non-linear power flow equations are linearized into linear power flow equations by ignoring high-order terms of Taylor series expression, linearization errors are formed [21] ; and (2) series expansion errors-when series diverge, such as the Gram-Charlier series (GCS) [22] , PDFs will appear negative or CDFs will be more than 1 [14] . In a word, two types of errors are mainly derived from the fluctuation of stochastic variables. The larger the fluctuation range of stochastic variables is, the larger the errors are.
To reduce errors in CM, many research achievements have been developed. Hong et al. [23] focus on decreasing linearization errors when the sensitivity matrix of PPF is singular. However, only continuous variables are considered in this paper. Sanabria & Dillon [24] and Hu & Wang [25] present the von Mises method to deal with discrete variables. However, probability distributions of power flow responses cannot be obtained accurately, because the von Mises method handles discrete variables with an approximate approach. Leite da Silva and Arienti [26] used multiple points of linearization to decrease errors from linear power flow equations considering only continuous variables. Meanwhile, searching linearization points is a challenge. Li et al. [27] adopt the same algorithm from [26] , considering discrete and continuous variables. Wu et al. [28] present a multiple integral method based on CM to reduce the calculation burden and improve the computational accuracy. However, the number of input random variables is limited, as well as discrete variables that are not involved in this paper. Cai et al. [29] applied MCSM to calculate the cumulants of random input variables with complex probability distributions, but this method cannot diminish errors in CM. When the number of discrete variables increases, the fluctuation range of input random variables will be extended.
In existing studies, FCG and branch outages are two typical discrete variables [25, 30] . With FCG becoming a prospective generator as a discrete variable, that discrete variable causes the fluctuation range of random input variables larger in CM to become a notable issue. Furthermore, continuous and discrete variables are seldom considered simultaneously, and cannot be addressed accurately based only on CM. As a result, it is a challenge for CM to solve these problems [31] .
In order to solve PPF problems with continuous and discrete variables accurately, this paper presents a novel PPF method considering continuous and discrete variables (CDPF). In CDPF, CM is employed to handle continuous variables and multiple DPF (MDPF) calculations are presented to deal with discrete variables. Then, probability distributions of power flow responses can be calculated accurately and efficiently by the convolution of continuous and discrete variables of power flow responses. The main contributions of this paper include following aspects:
(1) This paper proposes a novel PPF method (CDPF) that can accurately solve PPF problems with continuous and discrete variables simultaneously. In CDPF, multiple probability distributions of continuous variables and discrete variables can be considered together, such as normal distribution (loads), non-normal distribution (WPGs), and binomial distribution (FCGs). (2) This paper investigates two issues affecting power systems: (1) What are effects of a discrete variable (FCG) under different rated powers on power systems in Case 2, Section 4; and (2) How can we address multiple discrete variables (FCGs) in power systems in Case 3, Section 4? (3) The accuracy and efficiency of CDPF are verified quite well compared with results of bus voltages and branch power flows obtained by CDPF, CM, and MCSM in IEEE 14-bus and IEEE 118-bus power systems.
The main framework of this paper is organized as follows: Section 2 introduces probability distributions of WPGs, FCGs, and loads which are used in this paper; Section 3 describes the CDPF method in detail; Section 4 shows case studies and analysis results; and Section 5 draws conclusions.
Probability Distributions of Generations and Loads
In this paper, continuous and discrete variables are considered simultaneously, in which the output power of WPGs and loads are regarded as continuous variables, and the output power of FCGs are regarded as discrete variables. This section shows probability distributions of generations and loads in power systems. The details are described below.
The Output Power PDF of WPGs
The active output power PDF of WPGs can be described as follows [5] :
where v ci , v r , and v co are, respectively, the cut-in wind speed, the rated wind speed, and the cut-out wind speed of WPGs. v is the wind speed, k is a shape parameter, and c is a scale parameter. k and c can be calculated by the mean value and standard deviation of the wind speed obtained from the historical wind speed data. P WPGR is the rated power of WPGs.
In this paper, the wind speed model follows a two-parameter Weibull distribution [5] , and buses connected with WPGs are set to PQ buses. The reactive power Q WPG can be obtained according to the active power P WPG and the constant power factor.
The Active and Reactive Power PDF of Loads
The active and reactive power PDF of loads follow a normal distribution [21] , shown as follows:
where P L and Q L are, respectively, the active and reactive power of loads; µ PL and σ PL are, respectively, the mean value and standard deviation of the active power; µ QL and σ QL are, respectively, the mean value and standard deviation of the reactive power.
The Output Power Probability Distribution of FCGs
The status of single FCGs include the operation and shutdown [32] . Therefore, the active output power of multiple FCGs is usually assumed to follow a binomial distribution, listed as follows:
where n is the total number of FCGs, i is the number of FCGs which are in the operational status, sd is the probability value of a single FCG in the shutdown status, s is the rated power of a single FCG. P FC,i is the probability value when the number of FCGs in the operation status is i. x i is the total active power of FCGs in the operation status. Buses connected with FCGs are set to PQ buses with a constant power factor. Probability distributions of the reactive power can be obtained according to the probability distributions of the active power and power factors.
CDPF Method
In CDPF, PDFs of power flow responses considering continuous variables (P WPG , Q WPG , P L , Q L ) can be obtained by CM. Then, probability distributions of the power flow responses that consider the discrete variables (P FCG , Q FCG ) can be accurately calculated by MDPF calculations. Moreover, PDFs of power flow responses considering all of the variables can be achieved accurately and efficiently by the convolution of the above two results (CM and MDPF). In this section, fundamental theories, concepts, and implementations of CDPF are stated in detail.
Power Flow Responses with Continuous Variables Based on CM

Calculation on Continuous Variable Cumulants
In CM, cumulants of continuous variables are calculated based on an analytical method. The γ order moment of continuous variable x is defined as follows [33] : (6) where γ is the order number of moments and f (x) is the PDF of x, where x is the P WPG (or Q WPG , P L , Q L ) in this paper. The relationship between the γ order cumulant k γ and the moments can be described as follows [33] :
3.
Linear Power Flow Equations
Nonlinear power flow equations can be written as follows [34] :
where W is the vector composed of the active and reactive power from generations and loads. X is the vector composed of voltage amplitudes and voltage phase angles at all buses. Z is the vector composed of the active and reactive power of branch power flows. f (x) and g(x) are, respectively, functions of the bus voltage and brand power flow. Equation (8) is linearized into Equation (9) at X 0 and Z 0 . Linear power flow equations are as follows [34] :
where X 0 and Z 0 are, respectively, mean vectors of bus voltages and branch power flows, J 0 is the Jacobi matrix obtained by DPF calculation in the maximal iteration, ∆W is each order cumulant vector composed of the active and reactive power from generations and loads, and G 0 is the sensitivity matrix of the branch power flow function g(x). According to Equation (9), each order cumulant vector of X and Z can be obtained efficiently.
Estimation on Probability Distributions of Power Flow Responses
According to each order cumulant vector of X and Z, probability distributions of bus voltages and branch power flows can be obtained based on GCS. GCS can be expressed as Equation (10) [35] :
where f X (x) is the PDF of the power flow response, f 0 (x) is the PDF of the standard normal distribution, λ i is the coefficient of series expansion, and H i is the ith order Hermite orthogonal polynomial.
Power Flow Responses with Discrete Variables Based on MDPF Calculations
Determination on the Vector of Discrete Variables
Suppose that n FCGs are regarded as n discrete variables X i (where i ∈ {1, 2, . . . , n}) in a power system. The vector X of discrete variables is defined as follows:
where X denotes the output power vector of FCGs. X i can be expressed as follows:
where the number of work statuses on the ith FCG X i is J i , and x j i is the output power of the ith FCG X i at the j i work status. The probability distribution of X i can be shown as follows:
where p j i is the probability value of X i = x j i when the ith fuel cell X i works at j i status. P i is the probability distribution.
Supposing that n discrete variables [X 1 , X 2 , . . . , X i , . . . , X n ] are independent of each other, the probability distribution of X can be denoted as Equation (14):
Determination on the Active Power and Reactive Power Vector of Generations and Loads
Input vectors in MDPF calculations include the active power and reactive power of continuous and discrete variables. For continuous variables, input values of the active power and reactive power are corresponding mean values of WPGs, and the loads are stated as E c1 , E c2 , . . . , E cm . Subscripts c 1 , c 2 , . . . , c m are numbers of injection buses. m is the number of continuous variables.
For discrete variables, values of the active power and reactive power of FCGs can be described as follows:
Input vectors in the MDPF calculation can be described as follows:
A k = [0, 0, . . . , 0, E c1 , . . . , E c2 , . . . , E cm , . . . , x j 1 , x j 2 , . . . ,
where k is from 1 to J 1 ·J 2 · . . . ·J n . The dimension of A k is N which is the number of buses of the power system. Note that "0" elements in A k denote no input power or output power.
Calculations Based on MDPF
Take A k of Equation (16) as the kth active power and reactive power vector W k in Equation (8); then, power flow responses (bus voltages and branch power flows) can be obtained using W k based on the DPF calculation. The bus voltage vectors can be described as follows:
where U 1 , U 2 , . . . , U N are, respectively, bus voltages of bus-1, bus-2, . . . , bus-N, and N is the bus number of the power system. Using the same method, vectors of branch power flows C k also can be obtained, and numbers of B and C are both J 1 ·J 2 · . . . ·J n .
Convolution of Continuous and Discrete Variables
When multiple input random variables (∆W c1 , . . . , ∆W cm , ∆W d1 , . . . , ∆W dn ) exist in the power system, Equation (9) can be further expressed as follows:
However, if all input random variables are convoluted by Equations (18) and (19), the computation efficiency of CDPF will decrease. Considering the accuracy and efficiency of the PPF calculation, random input variables of power systems are only divided into two categories: continuous and discrete random variables, in this paper. Therefore, Equations (18) and (19) can be stated as follows:
where ∆W c and ∆W d are, respectively, continuous and discrete vectors, and "*" is the convolution operator of multiple random variables. According to Equation (20), results X and Z of PPF can be efficiently and accurately obtained by the convolution of continuous and discrete variables.
The convolution operation of continuous and discrete variables can be described as follows:
where Y is the random variable that needs to be obtained, C W and D W are, respectively, continuous and discrete variables. PDF and CDF of Y are defined as follows [25] :
where f Y (x) and F Y (x) are, respectively, PDF and CDF of Y. n is the number of discrete points of D W , x i and p i are, respectively, the discrete point value and the probability value of D W , and f C W is the PDF of C W .
Implementation Procedure of CDPF
Based on the above three Sections 3.1-3.3, the complete process of CDPF for PPF problems can be expressed as follows:
Step (1) Set the system parameters of the power system, probability distribution parameters, and bus numbers of input random variables including WPGs, loads, and FCGs.
Step (2) Carry out a DPF calculation to obtain X 0 , Z 0 , J 0 , and G 0 using W 0 .
Step (3) Obtain each order moment α γ of the continuous variables by using Equation (6) .
Step (4) Calculate each order cumulant k γ of the continuous variables by using Equation (7), based on the moment α γ obtained by Step 3.
Step (5) Calculate each order cumulant of the power flow responses X and Z according to Equation (9) .
Step (6) Obtain the PDF based on each order cumulant of the power flow responses according to Equation (10) and then integrate the PDF to acquire the CDF.
Step (7) Determine the vector of discrete input variables according to Equations (11) and (12) . Then, calculate the probability distribution of discrete vector according to Equations (13) and (14) .
Step (8) Generate input vectors A k of the random active and reactive power variables and the probability value P k of A k according to Equations (16) and (14) .
Step (9) Carry out MDPF calculations to obtain the output vectors B k and C k of the power flow responses using A k , and the probability value of each B k or C k is P k according to Equations (8) and (14) .
Step (10) Convolute continuous and discrete variables of power flow responses obtained, respectively, from Step 6 and Step 9 according to Equations (22) and (23) . Convolution results are power flow responses considering all continuous and discrete variables. Figure 1 is the flowchart of the power flow considering continuous and discrete variables (CDPF) method.
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Step (8) Generate input vectors Ak of the random active and reactive power variables and the probability value Pk of Ak according to Equations (16) and (14) .
Step (9) Carry out MDPF calculations to obtain the output vectors Bk and Ck of the power flow responses using Ak, and the probability value of each Bk or Ck is Pk according to Equations (8) and (14) .
Start
Input parameters of network, FCGs and WPGs
Carry out the DPF calculation to obtain X0, Z0, J0 and G0 using W0 
Case Studies
The accuracy, efficiency, and applicability of CDPF are verified in this section, including four parts: (1) The CDPF, MCSM, and CM are used to solve PPF problems in an IEEE 14-bus power system. Compared with CM, CDPF has better accuracy; and compared with MCSM, CDPF has higher 
The accuracy, efficiency, and applicability of CDPF are verified in this section, including four parts: (1) The CDPF, MCSM, and CM are used to solve PPF problems in an IEEE 14-bus power system. Compared with CM, CDPF has better accuracy; and compared with MCSM, CDPF has higher efficiency; (2) PPF problems on a FCG under different rated powers are studied to further demonstrate the applicability of CDPF in an IEEE 14-bus power system; (3) the case of multiple FCGs in a power system is considered to demonstrate the applicability of CDPF in an IEEE 14-bus power system; and (4) an IEEE bus-118 power system is applied to verify the performance of CDPF.
Verification of CDPF by Comparison with MCSM and CM in Accuracy and Efficiency
An IEEE 14-bus power system is used in this part, consisting of 14 buses and 20 branches. Figure 2 is the IEEE 14-bus power system. The loads are supposed to follow a normal distribution, in which mean values are the power value of loads, and standard deviations are 5% of mean values. A WPG with a capability of 10 MW is connected to bus-13, and the constant power control method is adopted in WPG with the power factor cos(φ) = −0.98, the cut-in wind speed of WPG is v ci = 3 m/s, the rated wind speed of WPG is v r = 15 m/s, and the cut-out wind speed of WPG is v co = 25 m/s. The wind speed model is assumed to follow a two-parameter Weibull distribution with a shape parameter k = 2.80 and a scale parameter c = 5.14. Two FCGs are connected to bus-13 and bus-14, where each capability of FCG is 20 MW, the power factor cos(φ) = 0.8, and the outage probability is 0.08. DPF calculation times based on MCSM are 10,000, and MCSM is taken as a comparison standard of PPF solutions in this paper.
PDFs of the voltage magnitude of bus-14 gained by the three methods, respectively, are shown in (2) PPF problems on a FCG under different rated powers are studied to further demonstrate the applicability of CDPF in an IEEE 14-bus power system; (3) the case of multiple FCGs in a power system is considered to demonstrate the applicability of CDPF in an IEEE 14-bus power system; and (4) an IEEE bus-118 power system is applied to verify the performance of CDPF.
An IEEE 14-bus power system is used in this part, consisting of 14 buses and 20 branches. Figure  2 is the IEEE 14-bus power system. The loads are supposed to follow a normal distribution, in which mean values are the power value of loads, and standard deviations are 5% of mean values. A WPG with a capability of 10 MW is connected to bus-13, and the constant power control method is adopted in WPG with the power factor cos(φ) = −0.98, the cut-in wind speed of WPG is vci = 3 m/s, the rated wind speed of WPG is vr = 15 m/s, and the cut-out wind speed of WPG is vco = 25 m/s. The wind speed model is assumed to follow a two-parameter Weibull distribution with a shape parameter k = 2.80 and a scale parameter c = 5.14. Two FCGs are connected to bus-13 and bus-14, where each capability of FCG is 20 MW, the power factor cos(φ) = 0.8, and the outage probability is 0.08. DPF calculation times based on MCSM are 10,000, and MCSM is taken as a comparison standard of PPF solutions in this paper.
PDFs of the voltage magnitude of bus-14 gained by the three methods, respectively, are shown in Figure 3 . PDF curves of CDPF are almost the same as the ones obtained by MCMS. However, results obtained by CM have a large difference compared with results obtained by MCMS, and negative probability values occur in Figure 3 by CM. Figures 4 and 5 are CDFs of the active and reactive power, respectively, at branch 20 (from bus-13 to bus-14). In Figures 4 and 5 , some values in the CDF curves of CM are more than 1, which violates the probability property. The reason is that the large fluctuation range of random input variables causes a large linearization error of power flow equations.
Means and standard deviations of the voltage magnitude (p.u.) and the active power (p.u.) at branches in the IEEE 14-bus power system are shown, respectively, in Tables 1 and 2. The results obtained by CDPF are closer to standard results obtained by MCMS compared with the results obtained by CM. (13) (14) in an IEEE 14-bus power system. (13) (14) in an IEEE 14-bus power system. Figure 5 . The CDF of the reactive power at branch 20 (13) (14) in an IEEE 14-bus power system. (13) (14) in an IEEE 14-bus power system. Figure 5 . The CDF of the reactive power at branch 20 (13) (14) in an IEEE 14-bus power system. 5 . The CDF of the reactive power at branch 20 (13) (14) in an IEEE 14-bus power system. The CPU time and calculation number N PL of DPF are shown in the Table 3 . N PL of CDPF includes a DPF calculation based on CM to handle continuous variables and DPF calculations of 2 n times to handle n discrete variables. The CPU time of CDPF also mainly includes the above two types of calculation times, in which it is the major part for handling discrete variables based on MDPF calculations. Compared with MCSM, the CPU time and N PL of CDPF can be greatly reduced. To promote calculation accuracy and reduce the CPU time and N PL , CDPF makes good use of simulation (MDPF) and analytical methods (CM). Compared with CM, the CPU time and N PL of CDPF are slightly increased because of the cost for enhancing the calculation accuracy. 
PPF Analysis on a FCG under Different Rated Powers
To further demonstrate the applicability of CDPF, a test of the accuracy of CDPF is carried out under an FCG with different rated powers. The FCG is only set at bus-14, and rated powers are, respectively, 0 MW, 10 MW, 20 MW, 30 MW and 40 MW. Except for the rated power of FCGs, other parameters of FCGs, positions, and parameters of WPGs are the same as those in Part 1 of Section 4.
The PDFs of the voltage magnitude at bus-14 with the rated power of the FCGs at bus-14 being 0 MW, 10 MW, 20 MW, 30 MW and 40 MW, respectively, are shown in Figure 6 by three methods. The results of CDPF are almost the same as the results of MCSM at different rated powers of the FCGs. Compared with MCSM, the accuracy of CM gradually decreases with the rated power of the FCGs gradually increasing. With the rated power of FCGs increasing, the rate of total active power of FCGs is increased, which increases the fluctuation range of discrete variables. Meanwhile, the linearization errors and the series expansion errors are both increased. Hence, the accuracy of CM decreases and the results verify this conclusion.
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The PDFs of the voltage magnitude at bus-14 with the rated power of the FCGs at bus-14 being 0 MW, 10 MW, 20 MW, 30 MW and 40 MW, respectively, are shown in Figure 6 by three methods. The results of CDPF are almost the same as the results of MCSM at different rated powers of the FCGs. Compared with MCSM, the accuracy of CM gradually decreases with the rated power of the FCGs gradually increasing. With the rated power of FCGs increasing, the rate of total active power of FCGs is increased, which increases the fluctuation range of discrete variables. Meanwhile, the linearization errors and the series expansion errors are both increased. Hence, the accuracy of CM decreases and the results verify this conclusion. 
PPF Analysis on Multiple FCGs in an IEEE 14-Bus Power System
To further demonstrate the applicability of CDPF, four cases on the accuracy and efficiency of CDPF are carried when multiple FCGs exist in an IEEE 14-bus power system. In all cases, the total power of FCGs is assumed to be constant, while the number and position of FCGs connected in the power system are alternative. In the first case, the number of FCGs connected in the IEEE 14-bus power system is one and the position of FCG is at bus-14, with the rated power of each FCG being 10 MW. In the second case, the number of FCGs connected in the IEEE 14-bus power system is two and the positions of the FCGs are at bus-13 and bus-14, with the rated power of each FCG being 5 MW. In the third case, the number of FCGs connected in the IEEE 14-bus power system is three, and positions of FCGs are at bus-12, bus-13 and bus-14, with the rated power of each FCG 3.33 MW. In the fourth case, the number of FCGs connected in the IEEE 14-bus power system is five and positions of the FCGs are at bus-10, bus-11, bus-12, bus-13 and bus-14, with the rated power of each FCG being 2 MW. Other settings of parameters, including the power system network, traditional generators, WPG, and loads, are the same as those of Part 1 in Section 4.
PDFs of the voltage magnitude at bus-14 with one, two, three, and five FCGs, respectively, at different buses in the IEEE 14-bus power system are shown in Figure 9 by three methods. The results of CDPF are almost the same as the results of MCSM in different numbers of FCGs, which is to say that solutions obtained by CDPF can match standard solutions obtained by MCSM rather well, yet the accuracy of CM gradually decreases with the number of FCGs increasing compared with MCSM. With the number of FCGs increasing, the linearization errors and the series expansion errors are both increased in CM. Hence, the accuracy of CM decreases and the results verify this conclusion. Figure 9 . The PDFs of the voltage magnitude at bus-14 with one, two, three and five FCGs, respectively, at different buses in an IEEE 14-bus power system.
The means and standard deviations of the voltage magnitude at PQ buses with one, two, three, and five FCGs, respectively, at different buses in the IEEE 14-bus power system are shown in Figures PDF Figure 8 . The standard deviations of the voltage magnitude at PQ buses with the rated power of the FCG at bus-14 being 0 MW, 10 MW, 20 MW, 30 MW and 40 MW, respectively, in an IEEE 14-bus power system.
PDFs of the voltage magnitude at bus-14 with one, two, three, and five FCGs, respectively, at different buses in the IEEE 14-bus power system are shown in Figure 9 by three methods. The results of CDPF are almost the same as the results of MCSM in different numbers of FCGs, which is to say that solutions obtained by CDPF can match standard solutions obtained by MCSM rather well, yet the accuracy of CM gradually decreases with the number of FCGs increasing compared with MCSM. With the number of FCGs increasing, the linearization errors and the series expansion errors are both increased in CM. Hence, the accuracy of CM decreases and the results verify this conclusion. 
PDFs of the voltage magnitude at bus-14 with one, two, three, and five FCGs, respectively, at different buses in the IEEE 14-bus power system are shown in Figure 9 by three methods. The results of CDPF are almost the same as the results of MCSM in different numbers of FCGs, which is to say that solutions obtained by CDPF can match standard solutions obtained by MCSM rather well, yet the accuracy of CM gradually decreases with the number of FCGs increasing compared with MCSM. With the number of FCGs increasing, the linearization errors and the series expansion errors are both increased in CM. Hence, the accuracy of CM decreases and the results verify this conclusion. Figure 9 . The PDFs of the voltage magnitude at bus-14 with one, two, three and five FCGs, respectively, at different buses in an IEEE 14-bus power system. The means and standard deviations of the voltage magnitude at PQ buses with one, two, three, and five FCGs, respectively, at different buses in the IEEE 14-bus power system are shown in Figures PDF Figure 9 . The PDFs of the voltage magnitude at bus-14 with one, two, three and five FCGs, respectively, at different buses in an IEEE 14-bus power system. The means and standard deviations of the voltage magnitude at PQ buses with one, two, three, and five FCGs, respectively, at different buses in the IEEE 14-bus power system are shown in Figures 10  and 11 by MCSM and CDPF. Results obtained by CDPF are almost the same as those obtained by MCSM with respect to means and standard deviations of the bus voltage magnitude at PQ buses.
Energies 2017, 10, 590 13 of 17 10 and 11 by MCSM and CDPF. Results obtained by CDPF are almost the same as those obtained by MCSM with respect to means and standard deviations of the bus voltage magnitude at PQ buses. Figure 10 . The means of the voltage magnitude at PQ buses with one, two, three and five FCGs, respectively, at different buses in an IEEE 14-bus power system. Figure 11 . Standard deviations of the voltage magnitude at PQ buses with one, two, three and five FCGs, respectively, at different buses in an IEEE 14-bus power system. CPU time and calculation number NPL of three methods are shown in Table 4 . Compared with MCSM, CDPF requires less CPU time and NPL for each case. Note that with the number of FCGs increasing, CPU time and NPL are also increased in CDPF because computation iterations for MDPF are related to the number of FCGs. 
The Test in the IEEE 118-Bus Power System
To demonstrate the applicability of CDPF on large power systems, an IEEE 118-bus power system is used in this part. Details on the IEEE 118-bus power system are: 118 buses; 186 branches; a 500 MW WPG plant is set at bus-2 and nine FCG plants are set, respectively, at bus-3, bus-5, bus-7, bus-9, bus-11, bus-13, bus-14, bus-16 and bus-17, the rated power of each FCG plant is 200 MW; other settings of WPGs and loads can be referred to those of Part 1 in Section 4. In the IEEE 118-bus power Figure 10 . The means of the voltage magnitude at PQ buses with one, two, three and five FCGs, respectively, at different buses in an IEEE 14-bus power system.
To demonstrate the applicability of CDPF on large power systems, an IEEE 118-bus power system is used in this part. Details on the IEEE 118-bus power system are: 118 buses; 186 branches; a 500 MW WPG plant is set at bus-2 and nine FCG plants are set, respectively, at bus-3, bus-5, bus-7, bus-9, bus-11, bus-13, bus-14, bus-16 and bus-17, the rated power of each FCG plant is 200 MW; other settings of WPGs and loads can be referred to those of Part 1 in Section 4. In the IEEE 118-bus power Figure 11 . Standard deviations of the voltage magnitude at PQ buses with one, two, three and five FCGs, respectively, at different buses in an IEEE 14-bus power system. CPU time and calculation number N PL of three methods are shown in Table 4 . Compared with MCSM, CDPF requires less CPU time and N PL for each case. Note that with the number of FCGs increasing, CPU time and N PL are also increased in CDPF because computation iterations for MDPF are related to the number of FCGs. To demonstrate the applicability of CDPF on large power systems, an IEEE 118-bus power system is used in this part. Details on the IEEE 118-bus power system are: 118 buses; 186 branches; a 500 MW WPG plant is set at bus-2 and nine FCG plants are set, respectively, at bus-3, bus-5, bus-7, bus-9, bus-11, bus-13, bus-14, bus-16 and bus-17, the rated power of each FCG plant is 200 MW; other settings of WPGs and loads can be referred to those of Part 1 in Section 4. In the IEEE 118-bus power system, 119 continuous input variables (a WPG and 118 loads) and nine discrete input variables (nine FCGs) are considered in this paper.
PDFs of the voltage magnitude at bus-3, bus-57 and bus-118 are shown in Figure 12 by three methods. CDPF and CM perform well with respect to the accuracy of voltage magnitudes at bus-57 and bus-118. Specifically, we can see that PDFs of the voltage magnitude at bus-57 and bus-118 obtained by CDPF are closer to that obtained by MCSM than that by CM. Especially, the accuracy of the voltage magnitude at bus-3 in CDPF is much higher than that in CM. The main reason is that bus-3 is close to WPG, and the FCGs result in a larger impact on bus-3 than on bus-57 and bus-118.
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CPU time and calculation number NPL of three methods are shown in Table 5 . CPU time and NPL of CDPF are obviously decreased compared with those in MCSM. Although CDPF's CPU time is slightly increased compared with that in CM, CDPF can still inherit MCSM's computational accuracy advantage and CM's computational speed merit. Figure 13 . The means of the voltage magnitude at PQ buses in an IEEE 118-bus power system. Figure 13 . The means of the voltage magnitude at PQ buses in an IEEE 118-bus power system. Figure 14 . The Standard deviations of the bus voltage magnitude at PQ buses in an IEEE 118-bus power system. 
Conclusions
A novel PPF method considering continuous and discrete variables, called CDPF, is proposed in this paper. The mean, standard deviation, PDF, and CDF of power flow responses can be calculated accurately and efficiently by the proposed method. Continuous variables following a normal distribution or non-normal distribution and discrete variables following binomial distribution can be solved by the proposed method. The accuracy, efficiency, and applicability of the proposed method are demonstrated by comparing MCSM, CM and CDPF in IEEE 14-bus and IEEE 118-bus power systems. Conclusions are summarized as follows:
(1) CDPF has better performance in computation speed compared with MCSM. Additionally, CDPF has a better performance in computation accuracy than CM, especially for the case with the large fluctuation range of input random variables. (2) CDPF has good performance in the applicability to deal with a discrete variable with different rated powers and multiple discrete variables in power systems. (3) CDPF has good performance in the applicability to address large power systems with high accuracy and efficiency.
In the future, the idea of the proposed method can be applied to other uncertainty analytical problems, such as the probabilistic static stability and the probabilistic reactive power control, and so on.
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